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Abstract
We use the Dirac equation coupled to a background metric to examine what happens to quantum
mechanical observables like the probability density and the radial current in the vicinity of a naked
singularity of the Reissner-Nordstro¨m type. We find that the wave function of the Dirac particle
is regular in the point of the singularity. We show that the probability density is exactly zero
at the singularity reflecting quantum-mechanically the repulsive nature of the naked singularity.
Furthermore, the surface integral of the radial current over a sphere in the vicinity of the naked
singularity turns out to be also zero.
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I. INTRODUCTION
The possible existence of naked singularities in General Relativity (GR) has troubled the
physicists and mathematicians over many years, leading to conjecture that such singularities,
although not forbidden by GR, will be shielded from view by an event horizon. Such a
conjecture is called the cosmic censorship [1] and has been proved only on special conditions
[2]. It was a surprise for the physics community, when numerical simulations revealed that
naked singularity may arise from gravitational collapse [3]. This fact brought back on the
agenda of physicists the question how troublesome are naked singularity really. Sometimes
ago it was found that naked singularities are repulsive in the sense that a particle experiences
a repulsive force in the vicinity of these exotic objects [4]. Here, we examine the issue from
the point of view of Quantum Mechanics. We do so by employing the Dirac equation in
a background metric which contains a naked singularity of Reissner-Nordstro¨m type. The
main result of our investigation is that neither the wave function nor observables constructed
out of the wave function contain any type of singularity. It is as if the quantum mechanical
particle would not care about the existence of such an exotic object. This is a surprising
result which is in contrast to the classical case where the motion of the test particle cannot be
continued over the singularity. Such a result may let think that quantum-mechanically naked
singularities are less troublesome than previously thought. Furthermore, the numerical value
for the probability density at the singularity turns out to be zero which can be interpreted as
the quantum-mechanical reflection of the classical repulsive nature of the naked singularity.
A result in the very same spirit concerns the surface integral of the current close to the
singularity which is also zero.
It is worthwhile to recall the unpleasant features of a naked singularity which seems to
allow the existence of closed time-like curves [5]. In the presence of Reissner-Nordstro¨m and
Reissner-Nordstro¨m-deSitter naked singularities this phenomenon gets reflected in radial
velocities vr(r) of a massless particle exceeding the speed of light, whenever the radial
distance of the particle from the naked singularity is less than a certain critical value [6].
For instance, already in the Reissner-Nordstro¨m naked singularity scenario we have vr > 1
for r < Q2/2M .
The paper is organized as follows. In section II we will discuss the Dirac equation in
curved space-times. Section III introduces shortly the angular and radial solutions of the
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Dirac equation in the Reissner-Nordstro¨m metric and the main results. Section IV is devoted
to the Klein-Gordon equation in the aforementioned metric and we show that scalar particles
behave similarly to Fermions in the vicinity of a naked singularity. In section V we draw
our conclusions.
II. DIRAC EQUATION IN CURVED SPACE-TIMES
To implement the gravity effect into the Dirac equation different approaches have been
used in the literature. One of them is through the Newman-Penrose formalism [7]. We
follow here the procedure of [8], where the Dirac equation is written in the non-canonical
form
[iΓµ(x)Dµ −m] Ψ(x) = 0,
Dµ =
∂
∂xµ
− iEµ − ieAµ,
Eµ =
i
2
ρ∂µρ− i
16
Tr(Γν∇µΓλ)ΓνΓλ + i
8
Tr(ρΓµ∇λΓλ)ρ, ρ = i
4!
ǫµνλσΓ
µΓνΓλΓσ
where Dµ is the so-called spin derivative including also electrodynamics, ∇µ is the covariant
derivative w.r.t. the Christoffel symbols and the gamma matrices satisfy the anticommuta-
tion relations
{Γµ(x),Γν(x)} = 2gµν(x)
which allow to couple gravity to the Dirac particle. According to [9], for every static spher-
ically symmetric space-time the combination ΓµEµ simplifies to
B = ΓµEµ =
i
2
∇µΓµ
and the Dirac equation becomes [10][
iΓµ
∂
∂xµ
+
i
2
∇µΓµ + eΓµAµ
]
Ψ = mΨ.
The above formulation relies on a local U(2, 2) symmetry which allows a unified description
of electrodynamics and general relativity as a classical gauge theory in the framework of the
Dirac equation [8]. It is therefore possible to choose a gauge such that
∇µΓµ = 0
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bringing the Dirac equation to its canonical form used elsewhere in the literature [11]. We
emphasize that such a gauge fixing is however not necessary in the context of a gauge theory
as any choice of gauge fixing is equivalent. We therefore can also keep B non zero which
leads to a non canonical choice of the matrices Γµ. The latter are for the Reissner-Nordstro¨m
line element
ds2 = ∆(r)dt2 − dr
2
∆(r)
− r2(dϑ2 + sin2 ϑdϕ2), ∆(r) = 1− 2M
r
+
Q2
r2
given by [10]
Γt =
1√
∆(r)
γt, Γr =
√
∆(r) γr, Γϑ = γϑ, Γϕ = γϕ
with
γt = γ0,
γr = γ3 cosϑ+ γ1 sin ϑ cosϕ+ γ2 sin ϑ sinϕ,
γϑ =
1
r
(−γ3 sinϑ+ γ1 cosϑ cosϕ+ γ2 cos ϑ sinϕ),
γϕ =
1
r sinϑ
(−γ1 sinϕ+ γ2 cosϕ),
where γ0, · · · , γ3 are the Dirac matrices in Minkowski space-time. The conserved current is
Jµ = ΨΓµΨ, ∇µJµ = 0
with Ψ = Ψ†γ0. This choice of the adjoint spinor might appear strange is however correct
and justified by the fact that the scalar product
(Ψ|Φ) =
∫
H
ΨΓµΦ νµdµ˜
with vector field ν normal to a space-like hypersurface H is equivalent to the scalar product
derived in the Newman-Penrose formalism [12] when we integrate over an hypersurface with
t constant and choose the above convention for the adjoint spinor. To be specific, in the
presence of a Reissner-Nordstro¨m-type naked singularity (M2 < Q2) the scalar product on
the hypersurface with t constant reduces to
(Ψ|Φ) =
∫
R3
Ψ†Φ
d3x√
∆(r)
.
We notice that in this formulation J0 can be interpreted as a positive probability density and
J i with i = 1, 2, 3 as the spatial component of the probability density current. In particular,
ΨΓrΨ is the component of the current in the radial direction.
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III. SOLUTIONS OF THE DIRAC EQUATION IN A REISSNER-NORDSTRO¨M-
TYPE NAKED BACKGROUND
By the separation ansatz
Ψ(t, r, ϑ, ϕ) =
1
r
√
S(r)
e−iωt
 Φ+jkω(r, ϑ, ϕ)
Φ−jkω(r, ϑ, ϕ)
 , S(r) =√1− 2M
r
+
Q2
r2
(1)
with M2 < Q2 the Pauli spinors φ±jkω can be written as
Φ+jkω(r, ϑ, ϕ) =
 χkj− 12 (ϑ, ϕ)φ+jkω,1(r)
iχk
j+ 1
2
(ϑ, ϕ)φ+jkω,2(r)
 , Φ−jkω(r, ϑ, ϕ) =
 χkj+ 12 (ϑ, ϕ)φ−jkω,1(r)
iχk
j− 1
2
(ϑ, ϕ)φ−jkω,2(r)

where
χk
j− 1
2
(ϑ, ϕ) =
√
j + k
2j
Y
k− 1
2
j− 1
2
(ϑ, ϕ)
 1
0
+√j − k
2j
Y
k+ 1
2
j− 1
2
(ϑ, ϕ)
 0
1
 ,
χk
j+ 1
2
(ϑ, ϕ) =
√
j + 1− k
2j + 2
Y
k− 1
2
j+ 1
2
(ϑ, ϕ)
 1
0
−√j + 1 + k
2j + 2
Y
k+ 1
2
j+ 1
2
(ϑ, ϕ)
 0
1

for j = 1
2
, 3
2
, · · · and k = −j,−j + 1, · · · , j and Y mℓ are the usual spherical harmonics [13].
The differential equation governing the radial part of the spinor is [10]
d
dr
Φ±jkω =
 0 −1
1 0
 ωr − eQ
rS2
±
 1 0
0 −1
 2j + 1
2rS
−
 0 1
1 0
 m
S
Φ±jkω.
In the vicinity of the naked singularity the radial system takes a simpler form, namely
d
dr
Φ±jkω = ±αj
 1 0
0 −1
Φ±jkω +O(r), αj = 2j + 12|Q|
with the solutions
φ±jkω,1(r) ≈ e±αjr, φ±jkω,2(r) ≈ e∓αjr. (2)
The results ensure that the wave functions are regular at the naked singularity. This enables
us to calculate the probability density J0 in the vicinity of this exotic object. It is a
straightforward computation to show that
J0(r, ϑ, ϕ) =
|Ψ|2√
∆
.
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Moreover,
J0(0, ϑ, ϕ) = 0 (3)
since the wave function is regular at the naked singularity. This result also demonstrates that
the observables constructed out of the wave function are regular and finite at the singularity.
Secondly, the fact that the probability density is zero at the singularity can be interpreted in
the sense that the singularity has a repulsive nature and this conclusion is independent of the
sign of the combinations of the two charges e and Q. One could say that the particle avoids
the vicinity of the naked singularity from the point of Quantum Mechanics. Briefly, we also
give the results for the radial component ΨΓrΨ. The Dirac matrix Γr can be conveniently
written in the block form
Γr =
√
∆
 0 M
−M 0
 , M =
 cosϑ e−iϕ sin ϑ
eiϕ sinϑ − cos ϑ
 .
This leads immediately to the expression
Jrjkω =
2
r2
Re(Φ+
†
jkωMΦ
−
jkω)
where
Φ+
†
jkωMΦ
−
jkω = φ
+∗
jkω,1φ
−
jkω,1χ
k†
j− 1
2
χk
j+ 1
2
cos ϑ+ ie−iϕφ+
∗
jkω,1φ
−
jkω,2|χkj− 1
2
|2 sinϑ
−ieiϕφ+∗jkω,2φ−jkω,1|χkj+ 1
2
|2 sinϑ− φ+∗jkω,2φ−jkω,2χk
†
j+ 1
2
χk
j− 1
2
cosϑ.
Let us now consider a surface integral
S
B(R)
=
∫
B(R)
dA n̂ · J = 2
R4
Re
∫
dΩ Φ+
†
jkωMΦ
−
jkω
where S is a sphere of fixed radius R around the naked singularity. In general, we have∫
dΩ Φ+
†
jkωMΦ
−
jkω =
k
2j(j + 1)
(
φ+
∗
jkω,1φ
−
jkω,1 − φ+
∗
jkω,2φ
−
jkω,2
)
.
Specializing now to a tiny region around the singularity with a radius ǫ we can use the
asymptotic wave functions given in (2) to show that
S
B(ǫ)
= 0 (4)
This result does not hold necessarily if the sphere on which we integrate is far from the
singularity. We can interpret S = 0 as follows: the number of ingoing and outgoing particles
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per unit time through the surface of the sphere is zero. We think that this again indicates
the quantum-mechanical nature of repulsivity of a naked singularity. More intuitively, the
particle does not dwell for a long period in the vicinity of the singularity and in particular,
it will not be absorbed.
IV. THE KLEIN-GORDON CASE
It is illustrative to have a glimpse on the wave function of Klein-Gordon particles in the
background of a Reissner-Nordstro¨m naked singularity. In such a geometry the Klein-Gordon
equation
(2 −m2)Φ = 0, 2 = 1√−g ∂µ(
√−g gµν∂ν)
leads to the equation
1
S2
∂ttΦ− 1
r2
∂r(r
2S2 ∂rΦ)− 1
r2 sin ϑ
∂ϑ(sin ϑ ∂ϑΦ)− 1
r2 sin2 ϑ
∂ϕϕΦ−m2Φ = 0
which can be separated by means of the ansatz
Φ(t, r, ϑ, ϕ) = e−iωtRℓkω(r)Y
k
ℓ (ϑ, ϕ)
where ℓ = 0, 1, 2, · · · , k = −ℓ,−ℓ + 1, · · · , ℓ and S given by (1). In the naked singularity
regime the equation governing the radial part of the wave function reads
d
dr
(
r2S2
d
dr
Rℓkω
)
+
[
ω2r2
S2
+m2r2 − ℓ(ℓ+ 1)
]
Rℓkω = 0.
In the vicinity of the naked singularity the radial equation simplifies as follows[
d2
dr2
− ℓ(ℓ+ 1)
Q2
]
Rℓkω ≈ 0
with the solutions
Rjkω,1(r) ≈ eαℓr, Rjkω,2(r) ≈ e−αℓr, αℓ =
√
ℓ(ℓ+ 1)
|Q| . (5)
The above results ensure that the wave functions are regular at the naked singularity. We
introduce the inner product [14]
(Φ|Ψ) = i
∫
Σt
d3x nµ
√−γ (Φ∇µΨ∗ −Ψ∗∇µΦ) (6)
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where Σt is a space-like hypersurface, γij is the induced metric on Σt and n
µ is a time-like
unit vector normal to Σt. Moreover,
JµKG = −i(Φ∇µΦ∗ − Φ∗∇µΦ)
is a conserved current and its zero component is positive definite only if restricted to positive
frequency solutions of the Klein-Gordon equation (according to the time-like vector field t).
However, in the case of a naked singularity of the Reissner-Nordstro¨m type the vector field
t is time-like for all r > 0. It is a straightforward computation to show that
J0KG(r, ϑ, ϕ) = 2ω
|Φ|2
∆
.
As the wave function is regular at the naked singularity, we obtain
J0KG(0, ϑ, ϕ) = 0 (7)
Finally, we proceed as we did for the Dirac equation and the radial component of the current
is given by the expression
Jrℓkω,KG =
2
r2
δ(r) |Y kℓ |2 Im(Rℓkω∂rR∗ℓkω), δ(r) = r2 − 2Mr +Q2.
We consider again a surface integral
S
B(R)
=
∫
B(R)
dA n̂ · J = 2
R4
δ(R) Im
∫
dΩ |Y kℓ |2Rℓkω∂rR∗ℓkω =
8π
R4
δ(R) Im (Rℓkω∂rR
∗
ℓkω)
where S is a sphere of fixed radius R around the naked singularity. With ǫ a tiny radius
around the singularity we can use the asymptotic wave functions given in (5) to proof that
S
B(ǫ)
= 0 (8)
since in that region the quantity Rℓkω∂rR
∗
ℓkω is purely real
Rℓkω∂rR
∗
ℓkω = |c1|2e2αℓr − |c2|2e−2αℓr + 2Re(c1c∗2).
V. CONCLUSIONS
There exists a class of particular quantum effects with background gravity coupled
quantum-mechanically to a relativistic particle, say via the Dirac or Klein-Gordon equa-
tion. The peculiarity of such effects is their sharp contrast to the results obtained in the
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classical framework. One such effect is the absence of bound states in the Dirac equation
coupled to an exterior black hole metric [10, 15] which is in contrast to the classical result of
a stable bound orbit. Another such effect of background gravity is discussed in the present
work. Classically, the mere existence of a naked singularity poses many problems, among
other the fact that classically the motion of the test particle cannot be continued over the
singularity. We showed that the situation is less problematic in the quantum mechanical
framework. Indeed, the solutions of the Dirac and Klein-Gordon equation coupled to the
Reissner-Nordstro¨m metric with a naked singularity reveals that the wave-function is regular
at the singularity. Furthermore, the probability density at the singularity is exactly zero and
the surface integral over the probability current close to the singularity is also vanishing.
This demonstrates that observables constructed from the weave function do not get affected
by the presence of the singularity and their value can be continued up to the singularity
itself. The above findings can be also interpreted as the quantum mechanical manifestation
of the repulsive nature of a naked singularity. From the point of view of quantum mechanics
the particle prefers not to dwell close to the singularity. In addition results concerning the
quantum mechanical current reveal that the number of particles entering a sphere close to
the singularity per unit time is equal to the number of particles leaving the sphere per unit
time.
In future, it might be a worthwhile undertaking to construct a velocity operator along the
lines explained in [16] in order to determine if the expectation value of the velocity operator
takes values bigger than one.
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